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Abstract. Second order parabolic equations in Sobolev spaces 
with mixed norms are studied. The leading coefhcients (except a^^) 
are measurable in both time and one spatial variable, and VMO 
in the other spatial variables. The coefficient a^^ is measurable 
in time and VMO in the spatial variables. The unique solvability 
of equations in the whole space is applied to solving Dirichlct and 
oblique derivative problems for parabolic equations defined in a 
half-space. 



1. Introduction 
In this paper we consider parabolic equations of the form 

Ut + a^^(t, x)uxixi + V'it, x)uxi + c(t, x)u = f (1) 

in Lq^p{{S,T) X Q), —oo < S < T < oo, where Q is either M*^ or 

= {{x\x') e : > 0}. 

By Lqp{[S,T) X Q) we mean the collection of all functions u{t,x) such 
that the L^-norm of \\u{t, ■)\\Lp{n), as a function of t G M, is finite. 

The aim of this paper is to prove the existence and uniqueness of 
solutions to equations as in ([1]) with coefficients satisfying: 

(i) a^^ is measurable in t G M and VMO in x G M*^, 

(ii) a*-', 2 7^ 1 or j 7^ 1, are measurable in {t,x^) G and VMO in 
x' G M'^-^. 

The coefficients U{t,x) and c(t, x) are assumed to be only measurable 
and bounded. Under these assumptions, for / G Lgp((0,T) x q > 
p > 2, we find a unique solution u G Wj^^((0,T) x Q), u(T,x) = 0, to 
the equation ([1]). We also investigate the case 1 < q < p < 2 under 
additional assumptions on a*-^ (see assumptions before Theorem 12.51) . 
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Note that a*-', i 7^ 1 or j 7^ 1, are only measurable (i.e., no regularity 
assumptions) in x^, so one can say that the class of coefficients consid- 
ered in this paper is strictly bigger than those previously investigated, 
for example, in [H [HI [6l [151 IIS]) where not necessarily continuous co- 
efficients are considered. More precisely, the coefficients a*-' in [1] are 
VMO as functions of {t,x) e M'^+^ (i.e. VMO in {t,x)). Coefficients as 
functions of only t G M are dealt with in [T3] and parabolic systems with 
VMO coefficients independent of time are investigated in [B] . The class 
of coefficients a^^ measurable in time and VMO in the spatial variables 
(namely, VMO^ coefficients) was ffist introduced in [T3]. Later, the 
same class of coefficients was investigated in spaces with mixed norms 
in [16]. 

In addition to the fact that more general coefficients are available 
in the Lp-theory of parabolic equations, another beneffi of having co- 
efficients measurable in one spatial variable is that one can deal with 
parabolic equations in a half-space by only using the solvability of equa- 
tions in the whole space, M'^"''^ or [S, T) x W^. Roughly speaking, one 
extends a given equation defined in a half-space to the whole space 
using an odd or even extension, and finds a unique solution to the ex- 
tended equation in the whole space. Then the solution (to the extended 
equation) gives a unique solution to the original equation. As is seen 
in the proof of Theorem 12. 7[ an extension of an equation to the whole 
space requires, in particular, the odd extensions of the coefficients a^^ , 
j = 2, ■ ■ ■ , (i. Even if a^^{t,x) are constant, the odd extensions of 
a^^{t,x) are not continuous or not even in the space of VMO as func- 
tions in the whole space. Thus if we were to consider equations with 
only VMO (or VMO^) coefficients, it wouldn't be possible to solve the 
extended equation in the whole space. However, due to the solvability 
of equations in the whole space with coefficients a*-^, z 7^ 1 or j 7^ 1, 
measurable in G M as well as in t G M, the extended equation has 
a unique solution. This way of dealing with equations in a half-space 
removes the necessity of boundary Lp-estimates for solutions to equa- 
tions in a half-space (or in a bounded domain). For instance, in [1] 
boundary estimates are obtained to have Lp-estimates for equations in 
a bounded domain. 

The results for equations in a half-space together with a partition 
of unity allow us to solve equations in a bounded domain, so our re- 
sults for equations in a half-space with Dirichlet or oblique derivative 
conditions can be used to deal with equations with VMOx coefficients 
in a bounded domain. To the best of our knowledge, no literature is 
available for parabolic equations with VMOx coefficients in a bounded 
domain. On the other hand, the results in this paper for equations 
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in a half-space provide a generalization of Corollary 1.3 in [13], where 
a*-^ are measurable functions of only t G M, but a^^ , j = 2, ■ ■ ■ ,d, are 
assumed to be zero. 

Slightly different classes of coefficients for parabolic equations are 
considered in [121 El Ej • Especially, the paper [9] and this paper have 
almost the same type of methods and results. However, the main dif- 
ference is that the coefficient a^^ in this paper is measurable in t and 
VMO in X G M'^, whereas the coefficient a^^ in [S] is measurable in 

G M and VMO in (t, x') G M x One advantage of a^^ being as 

in this paper is that the even extension of a^^ is again VMO in x G M*^ 
and measurable in t G M. This, indeed, allows us to deal with parabolic 
equations with coefficients measurable in t G M in a half-space or in a 
bounded domain. 

For more references about elliptic or parabolic equations in Sobolev 
spaces with or without mixed norms, see [H El HI |T7l |20l [191 HHl 121 S 
O [m dni [71 [TOl [11] and references therein. 

The organization of this paper is as follows. In section [2] we state the 
main results of this paper. The first main result is proved in section H] 
and the other results are proved using the first main result. In section 
[31 we treat parabolic equations in Lp. Finally, we prove the first main 
result in section [H 

A few words about notation: (t, x) = (t,x\x') G M x M"' = R'^+\ 
where t G M, x^ G M, x' G M'^~\ and x = (x\x') G R'^. By u^' we 
mean one of u^j, i = 2, ■ ■ ■ ,d, or the whole collection {w^a, ■ ■ ■ , u^d}. 
As usual, represents one of u^i, i = I, ■ ■ ■ ,d, or the whole collection 
of {u.j.1, ■ ■ ■ ,u^d}. Thus U;j:x' is one of Uxix3i where i G {1, ■ ■ ■ , c?} and 
j G {2, • • ■ ,0?}, or the collection of them. The average of u over an 
open set V C W'-^^ is denoted by (m)^, i.e.. 



where \'D\ is the d + 1-dimensional volume of T). Finally, various con- 
stants are denoted by A^, their values may change from one place to 
another. We write N{d,5, . . .) ii N depends only on d, 5, ... . 
Acknowledgement: I would like to thank Hongjie Dong for his 
helpful discussions. 
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u(t, x) dx dt 




u{t, x) dx dt, 



2. Main results 



The coefficients of the parabolic equation ([T]) satisfy the following 
assumption. 
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Assumption 2.1. The coefficients a*-', b\ and c are measurable func- 
tions defined on M'^+^, a*-^ = Tliere exist positive constants 6 G 
(0, 1) and K such that 

\b'{t,x)\<K, \c{t,x)\<K, 

d 

for any (t, x) E R'^^^ and '& G M'^. 

In addition to this assumption, as discussed in the introduction, we 
have another assumption on the coefficients a*-' . We state this assump- 
tion using the following notation. Let 

B^{x) = {y eR'^ : \x -y\ < r}, Q,,(t, x) = (t, t + r^) x Brix), 

B'Xx') = {y' e M'^-^ : |x' - y'l < r}, 

Ar{t, x) = {t,t + r^) X (x^ - r, + r) X 

Set Br = Brio), B'^ = B[.{0), Qr = Qr{0) and so on. By \Bl\ we mean 
the d — 1-dimensional volume of -8^(0)- Denote 

osc^/ (a^^A,(t,x)) = r-3|B;rM / A^I{s,t) dr ds, 

Jt Jx^-r 

A^{t) dT, 



where 



^'{s,t)= / \a'^{s,T,y')-a'\s,T,z')\dy'dz' 

Jy',z'eB'^{x') 



A^^(r)= / \a^^{s,y)-a'^is,z)\dydz. 

Jy,z£Br{x) 

Also denote 

= sup sup oscj^/ (a*-', Ar(t, x)) , 

^r{^''^) = sup sup OfiCx{a''\Br{t,x)) . 

(i,x)eM''+i r<R 

Finally set 

Assumption 2.2. There is a continuous function uj{t) defined on 
[0, oo) such that cu(0) = and a| < for all R G [0, oo). 
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Let Q be either R'^ or R^. We consider the space Wl^^{{S,T) x Q), 
—oo<S<T<oo, which is the collection of all functions defined on 
(S, T) xn such that 

\Mwl'^{{S,T)xn) ■= lklU,.p((5,T)xn) + |kx|U,,p((S,T)xf7) 
+ \\Uxx\\Lg,p({S,T)xn) + \\ut\\Lg,p{{S,T)xn) < CO. 

By u e WliliiS, T) X R"') we mean u e W^'^HS, T) x M^) and u{T, x) = 
0. Throughout the paper, we set 

L,,, := L,,,(R X R"), W]^ := Wl^{R x R^). 

In case p = q, we have 

Lp((5,T)xfi) = Lp,p((5,T)xl]), 

We denote the differential operator by L, that is, 

Lu = Ut + d^U^ixi + Vu^i + CM. 

The following are the main results of this paper. 

Theorem 2.3. Let q>p>2,0<T< oo, and the coefficients of L 
satisfy Assumption \2.1\ and \2.B . In addition, if p = 2, the coefficients 
of L are assumed to be independent of x' G M''""'^. Then for any f G 

Lq,p{{0,T) X R"^), there exists a unique u G W\l{X^,T) x R^) such 
that Lu = f in (0,T) x R'^. Furthermore, there is a constant N, 
depending only on d, p, q, 5, K , T , and uj, such that, for any u G 

W^i;2((0,r)xM^), 

Remark 2.4. In the above theorem, if p = g = 2, by Theorem 2.2 in 
[12] the coefficients a^^{t,x) are allowed to be measurable functions of 
{t,x^) G R^ including a^^ The same argument applies to Theorems 12.51 
and 12.71 below. On the other hand, whenever we have coefficients a*-' 
independent of x" G M"*, m < d, we can replace them by coefficients 
a^^{t,x) which are uniformly continuous with respect to x" uniformly 
in the remaining variables. 

The next theorem considers the case with 1 < q < p < 2. In this 
case, we assume that the coefficients a*-' of L satisfy one of the following 
assumptions (recall that a*-' = a-'*): 
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(i) The coefficients a^^ , j = 2, ■ ■ ■ ,d, are measurable functions of 
{t,x^) G and the other coefficients a^^ are functions of only 
t e M. That is, 

a'^{t,x) =a'^{t), i = j = l or i, j E {2, ■ ■ ■ , d} 

a^^{t,x) =a^\t,x^), j = 2,--- ,d 

(ii) The coefficients a*-', i,j > 2, are measurable functions of (t, x^) G 
and the other coefficients a*-' are functions of only t G M. 
That is, 

a'\t,x)=a'\t), j = l,---,rf 
a^^(t,x)=a'^(t,x^), t,je{2,--- ,d}' 

Theorem 2.5. Let 1 < Q' < p < 2 and the coefficients a^^ of L he 
as above. Then for any f G Lgp((0,T) x R''), there exists a unique 

u G W^J;2((0,T) X R"') such that Lu = f m (0,T) x M^. Furthermore, 
there is a constant N , depending only on d, p, q, 6, K , and T , such 
that 

ll^llw,';p((0,T)xRd) ^ ^II^^IIl,,p((0,T)xR'') (4) 

for any u G W^g;p((0, T) x W^). 

Proof. Without loss of generality, we assume that 6* = c = 0. Moreover, 
it is enough to prove the estimate in the theorem. Let u be such that 
u G Wl;^{{Q,T) X W^) and u{T,x) = 0. 

Case 1. Let the coefficients a^^ of L satisfy the assumption ([2]). For 
G Co°°((0,T) X M^), find G W^,Vy((0,T) x R'^), g' = q/{q - 1), 
P' = p/{p ~ 1) such that f (0, x) = and 

-t^t + a'^{t,x)v^i^j = (f). 

This is possible due to Theorem 12 . 31 along with the fact that 2 <p' < q' . 
Observe that 

/ u^i^kcp dx dt = / u^i^k (^—Vt + a^^ {t, x)vxixi) dxdt 

J{0,T)xR'i i(0,T)xRd 



+ a*-' (t, x)uxixi) v^T-x'' dx dt (5) 

'(0,T)xIRd 

for k = 2, ■ ■ ■ ,d. Indeed, the second equality above is obtained using 
the fact that a^^ {t, x) are independent of x G M'' if z = j = 1 or 
i 7 G |2, ■ ■ ■ , d} and a^Ht, x) = a^Ut, x^) if ?' = 2, ■ ■ ■ , d. Especially, 

J(0,T)xRd J{0,T)xR'i 
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\t,x)vx-La:k dxdt, j,k = 2,---,d. 



'(0,T)xR<i 

Therefore, we have 



/ 



■Uj.i2.fe0C?X(it < \\Lu\\L^j^(^(^o^T)xRd)\\Vxx\\Lg,p,{{0,T)xI 



'(0,T)xM'' 

< A^||LM||i^p((o,r)xR'*)ll0llL,, y{(0,T)xRd)- 

where the last inequahty is due to Theorem 12.31 This imphes that 

ll^xixfc||L,,p({0,r)xK<') < ^l|-^^llLg,p((0,T)xR<*); k = 2,---,d. (6) 

Now we set 

LiU := Ut + a'^{t)uxixU 
where a^^{t) = a*-'(t,0). Note that a^^{t) are independent of x G M'^, 
thus by results in [H] or [13] we have 

\\^\\w^:^{{0,T)xR'i) < ^||-f'l^^||L,,p{(0,T)xR'«)- (7) 

We see that 

d 

Liu = Lm + 2^ (a^^(t) - a^^{t,x^)) Ux^xi- 
i=2 

This along with ([6]) and ([7j) implies the estimate (jl]). 
Case 2. Now assume that a^^ satisfy the assumption ([3]). In this case, 
since a}-' j = 1, - ■ ■ ,d are independent of x G M'^ and a*-', i,j > 2, 
are independent of x' G M''"^, we see that the integrations by parts in 
dSj) are possible for M^fej.;, k,l = 2, ■ ■ ■ ,d. Thus we have estimates as 
in ([6]) for u^fc^-i, k,l = 2, ■ ■ ■ ,d. Then the proof can be completed by 
repeating the argument using Li as above. Especially, we see 



d 

LiU = Lu+ ^ {(I'^it) — Ci^^{t, X^)) Uxixi- 

The theorem is proved. □ 

Next two theorems concern Dirichlet or oblique derivative problems 
for parabolic equations defined in a half-space. Depending on the range 
of q and we consider the following coefficients a*-^ (t, x) of the operator 
L: 

(i) If g > p > 2, the coefficients a^^(t,x) satisfy Assumption 12.11 
and 12.21 In addition, if p = 2, the coefficients are independent 
of x' G R'^^\ Especially, a^\t, x^) is measurable in t and VMO 
in G M if p = 2. 
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(ii) If 1 < g < p < 2, the coefficients a^^{t,x) are measurable func- 
tions of only t G M satisfying Assumption 12.11 

Remark 2.6. More precisely, in case 1 < q < p < 2, the coefficients 
j = 2, ■ ■ ■ ,d are allowed to be measurable functions of [t, x^) G M^. 
Moreover, if a^-' = 0, j = 2, ■ ■ ■ ,d, then the coefficients a*-', i,j > 2, can 
be measurable functions of {t, x^) G M^. See the proof of the following 
theorem as well as Theorem 12.51 

Theorem 2.7. Let < T < oo. Assume that either we have 1 < q < 
p < 2 or 2 < p < q. Then for any f G Lg^p((0, T) x M^), there exists 
a unique u G Wl'^{{0, T) x such that u{T, x) = u{t, 0, x') = and 
Lu = f m (0,T) X M^. 

Proof. Introduce a new operator Lv = d^'^Vxi^j + bv^i + cv, where a*-^, 
b^, and c are defined as either even or odd extensions of a*-', b^ , and c. 
Specifically, for i = j = 1 and 2, j G {2, . . . , d}, even extensions: 

d'^ = a'^it, x\ x') x^ > 0, d'^ = a'^it, -x^,x') x^ < 0. 

For j = 2, . . . ,d, odd extensions: 

d^^ =a^\t,x\x') x^>0, d^^ = -a^^{t,-x\x') x^<0. 

Also set d^^ = d^^ . Similarly, b^ is the odd extension of b^, and b\ 
i = 2, . . . ,d, and c are even extensions of 6* and c respectively. We see 
that the coefficients a*-', b\ and c satisfy Assumption 12. 1[ In addition, 
if g > p > 2, the coefficients a*-' satisfy Assumption 12.21 with Nuj{3t), 
where depends only on d. Especially, d^^ is VMO in a; G M.'^. 

For / G Lp((0,T) X M^), set / to be the odd extension of /. Then 
it follows from Theorem 12.31 or Theorem 12.51 that there exists a unique 

u G Wg'^{{0, T) X W^) to the equation Lu = f . It is easy to check that 



—u{t,—x^,x') G iyg'p((0,T) X W'-) also satisfies the same equation, 
so by uniqueness we have u{t,x^,x') = —u(t,—x^,x'). This and the 



fact that u G Wg'p{{0,T) x M'^) show that u, as a function defined on 
(0, T) xM^^, is a solution to Lu = f satisfying u = on {{T, x) : x E M.'^} 
and {(t, 0, x') : < t < T, x' G M'^~^}. 

Uniqueness follows from the fact that the odd extension of a solu- 



tion u belongs to ^^^^((O, T) x M°') and the uniqueness of solutions to 
equations in (0, T) x R'^. □ 

This theorem addresses the oblique derivative problem. 
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Theorem 2.8. Let p, q, and a^^ he as in Theorem \2. 1\ Let t = 
[i^, ■■■ J'^) bea vector mR'^ withl^ > 0. Then for any f G Lg,p((0,T)x 
M.'^), there exists a unique u G W^'p{{0,T) x M^J.) satisfying Lu = f in 
(0, T) X M^, i^u^j =0 on {{t, 0, x) : < t < T, x' G M"'"^}, and u = 
on {(T,x) : x G M.'^}. 

Proof. Let (p{x) = {l^x^.l'x^ + x'), where I' = . . . Using this 
hnear transformation and its inverse, we reduce the above problem to 
a problem with zero Neumann boundary condition on {{t,0,x') : < 
t < T,x' G M.'^-^}. Note that, in case q > p > 2, the coefficients of the 
transformed equation satisfy Assumption 12.21 with Nuj{Nt), where N 
depends only on d and £. Then the problem is solved as in the proof 
of Theorem 12.71 with the even extension of /. □ 

Remark 2.9. Appropriate L^p-estimates as in Theorem 12.31 can be 
added to the above two theorems. 



3. Parabolic equations in Lp 

In this section we prove Theorem 12.31 for the case p = q > 2. In fact, 
we prove Theorem 13.11 below, which implies Theorem 12.31 if p = q > 2. 
As in Theorem 12.31 we assume that the coefficients 6*, and c of L 
satisfy Assumption 12.11 and 12. 2[ 

Theorem 3.1. Let p > 2, T G [—00,00), and the coefficients of L 
satisfy Assumption \2.1\ and \2.2 . Then there exist constants Xq and N, 
depending only on d, p, 5, K , and the function uj, such that, for any 
A > Ao andue Wl^'^({T, 00) x W^), 

,cxd)xR'^) 

+ '^\W\\lj,{{T,oo)x9.'1) < N\\Lu - \u\\L^(^(T,oo)xRd). 

Moreover, for any A > Aq and f G Lp((T, 00) x W^), there exists a 
unique solution u G W^p'^((T, 00) x W^) to the equation Lu — \u = f . 

A proof of this theorem is given at the end of this section after a 
sequence of auxiliary results. The ffist result is a lemma which deals 
with an operator whose coefficients are measurable functions of only 
G (except a"). Set 

Lqu = Ut + a'\t, x^)u^^^3, 

where d}^{t) is a function of only t G M and a*-', i 7^ 1 or j 7^ 1, are 
functions of G M^. The coefficients a*-' satisfy Assumption 12.11 
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Lemma 3.2. Let p > 2. There is a constant N, depending only on d, 
p, and 5, such that, for any u G W^^'^iW^^^) , r G (0, oo), and k > 8/5, 

/ \u,At.^)-MQ^ I'dxdt < Nh.^+^ {\Uuy)^^+Nt,-''^{\u,,A)Q^^ 

J Qr 

where v = 1/2 — 3/ (4p) . 

Proof. It can be said that the lemma is proved by following the argu- 
ments in section 5 of the paper [9]. In fact, the above lemma would 
be the same as Theorem 5.9 in [9] if the coefficient a^^ were a function 
of only G M. In our case, the coefficient o}^ is a function of only 
t G M. Thus, instead of repeating the steps in [9] for the operator Lq, 
one can use a time change as well as Theorem 5.9 in [9]. Indeed, we 
can proceed as follows. 

Without loss of generality we assume that a*-'(t,x^) are infinitely 
differentiable as functions of t G M. Especially, we may assume that 
the derivative of a^^{t) is bounded. For example, we can consider 

a}i{t,x^)= I d'^{s,x^)(f)e{t- s)ds, 



where (f> G C^(M) such that ||</'||li(m) = 1. Clearly the derivative of 
dl^{t) is bounded by a constant depending on e, but it will be seen that 
the constant N in the desired estimate does not depend on e. Then we 
let e\0. 

The additional condition on a^^{t) assures that there exists ip{t) such 
that 

/•* 1 



There also exists ri{t), the inverse function of (p(t). For u G PVp'^(M'^"'~^) 
set w{t,x) = u{(p{t),x) and 

d''{^{t),x') 



2w := Wt + a^^(t,x^)Wxi^j, d^^(t,x^) :- 



Observe that d*-' are measurable functions of {t,x^) G satisfying 
Assumption 12.11 with 5^ in stead of 6. Moreover, d^^ = 1. Thus by 
Theorem 5.9 in [9] we have 



/ x) - c\Pdxdt < Nk^+^ (I^w^Dq,, + Nk^'^'p (I 

J Qr 



IP) 



for r G (0, oo) and k > 8, where c = {Wxx')q^ and TV depends only on 
d, p, and 6. Using this inequality as well as an appropriate change of 
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variable {w(t,x) = u{ip(t),x)), we obtain 

f \u:,^'{t,x)-c\Pdxdt < N{Kr)-\'^+'^ f \LQu\^dxdt 

Jo J Br Jo J B^r 

+N{Kr)-^K-''P / f \u^^\Pdxdt 

Jo J B^r 

for r G (0, oo) and k > 8, where = N{d,p, 6). From this inequahty 
afong with the facts that 6 G (0, 1) and 6t < ip{t) < 6~^t, it folfows 
that 

/ \u,At,x)-c\pdxdt < nk^^^ (i^wr)o +NK-'mu,,nQ ^> 

Jq ^nriJl '^K.r/^ 

where = N{d,p, 5). Replace with r and k,/5 with k in the above 
inequality (thus k, > 8/5). Finally, observe that 

\uxx'{t,x) - {u^AqJ^ dxdt < N{p) + \uxx'it,x) - cf dxdt. 

J Qr 

The lemma is proved. □ 

Let Q be the collection of all Qr{t,x), G M'^+\ r G (0, oo). For 
a function g defined on M'^"'"^, we denote its (parabolic) maximal and 
sharp function, respectively, by 



Mg{t,x) = sup f \g{s,y)\dyds, 

{t,x)£Q J Q 

g*{t,x)= sup f \g{s,y) - {g)Q\dyds, 

{t,x)&Q J Q 

where the supremums are taken over all Q G Q containing {t,x). By 
Lq we mean the operator L with 6* = c = 0, i.e., 

LqU = Ut + a^-' {t,x)Uxixi ■ 

Theorem 3.3. Let n, u E (1, oo), 1/ fx + l/u = 1, and R G (0, oo). 
There exists a constant N = N{d, S, fi) such that, for any u G C^(M'^+^) 
vanishing outside Qr, we have 

{uxx')* < N{a*)^ [M{\uxx?^)\^^ +N[M{\L,u\^)Y [M{\uxx?)]\ 
where a = 1 /{8d + 18) and f3 = {Ad + 8) /{8d + 18) . 

Proof. Let k > 8/5, r G (0, oo), and {to,xo) = {to,xl,x'Q) G R'^+'^. We 
introduce another coefficients a*-' defined as follows. 



a" 



(t) = i a^\t,y)dy if nr < R, 

J Bi^ri^o) 
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a^\t) = f a^\t,y)dy if nr > R. 
In case i 7^ 1 or j 7^ 1, 

a'^(t,x^)= -f a'^{t,x\y')dy' if i^r < R, 

a'^{t,x^)= -f a'^{t,x\y')dy' if nr > R. 

Set Lqu = Ut + a^^Uxixi- Then by Lemma 13.21 with an appropriate 
translation, we have 

<iVfi:'^+2/|^ |2^ ,+NK-^/U\Uxx?)n u ^■ (8) 

Note that 

/ \Lou\^ dx dt < 2 I \Lou\^dxdt + N{d)^Xij^ (9) 

•J QKr{t{i,X{j) JQKr{t0,X0) i,j = l 

where 

X., = / I {d'^ - a'^)u,.xA' dxdt= f ■ ■ ■< lltjll', 

hj = I \d'^ - a'^'^'' dxdt, 



J ij — / \^x^x^ I ^ dx dt . 

J QKr(tn.xn)nQn 



Using the definitions of a^^ and assumptions on a*-', we obtain the fol- 
lowing estimates for lij. If nr < R, 

hi<N / la^i - a" I dxdt < N{KrY^^O^^{a^^) 



In case Kr > R, 

In<N I I \d^^ - a^^\dxdt< NR'^^'^O'Ua^^] 



JBr 

d+2# 



< N{KrY+'al. 
Now let j ^ I 01 k ^ I. If Kr < R, 



lij <N I \a'^ - a'^\ dx' dx^ dt < N{KrY+'^0^^{a'^] 

J J^Kr{to,Xo) 
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In case kt > R, 

hj <N [ \a'^ - a'^ \ dx' dx^ dt < NR'^^^ C|' {a'^ ) 

< NiKrY^^a*. 

From the inequality (l9l) and the estimates for lij, it follows that 
This, together with ([8]), gives us 

for any r > and k> 8/6. Let 

= M(|LoM|2)(t,x), = M(|M,,|2)(t,x), 

C(t,x) = (M(|w,.,f^)(t,x))'/^ 

Then we observe that (|LouP)q^^.(-^|^ ^p-, < ^(t, x) for all (t, x) G Qr(^O) ^^o) 
Similar inequalities are obtained for B and C. From this and ( fTOl) it 
follows that, for any G ]R'^+^ and Q G Q such that {t,x) G Q, 

{\u..' - MqHq < iV/€"+'(a#)i/T(t,x) 

+NK'^+^A{t, x) + A^fi:-i/^i3(t, x) 

for K, > 8/S. Moreover, the above inequality also holds true for < 
K < 8/(5 because 



)Q\^dxdt < < {85-^f/^K-^'^B{t,x) 



for any (t, x) G Q G Q. Therefore, we finally have 

[\u..' - Mq?)q < NK''^\a*Y'''C{t,x) 

+NK'^+^A{t, x) + NK~'/^B{t, x) 

for all K> 0, {t,x) G M'^+\ and Q G Q such that G Q. Take the 

supremum of the left-hand side of the above inequality over all Q G Q 
containing (t,x), and then minimize the right-hand side with respect 
to K > 0. Also observe that 

ilUxx' - {Uxx')q\)q^ < {\Uxx' - {Uxx')q\'^)q ■ 
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Then we obtain 



2 



1 

4d+9 , M M±8 



KAt^x) <N (a|)i/T(t,x)+^(t,x) " [i3(t,x)]33T9 

where = N{d,6,fi). Upon noticing B(t,x) < C{t,x), we arrive at 
the inequahty in the theorem. This finishes the proof. □ 

Corollary 3.4. For p > 2, there exist constants R = R{d,S,p,uj) and 
N = N{d, 6,p) such that, for any u G C^{W^^^) vanishing outside Qr, 
we have 

WutWhp + ll^xxlUp < ^||-^oM||lp- 

Proof. Let /i be a real number such that p > 2fi > 2. Then by applying 
the Fefferman-Stein theorem on sharp functions, Holder's inequality, 
and Hardy-Littlewood maximal function theorem on the inequality in 
Theorem 13.31 we obtain 

IImxx'IUp < N{a%)-\\u^^\\Lp + NWLoufLju^^f^, (11) 

where, as noted in Theorem 13.31 1/ fi + l/u = 1 and 2a + 2/3 = 1. On 
the other hand, let 

g = Lou + Ad-iu- ^ a*^Ux'xJ, 

where Ad-iu = Ux^x^ + ■ ■ ■ + Uxd^d. Then 

ut + a^Mxix-i + ^d-iu = g. 

Note that the coefficients of the operator 

Liu = ut + a^\t, x)uxixi + Ad-iu 

satisfy the assumptions in Corollary 3.7 of [15]. Thus there exist R = 
R{d,S,p,uj) and = N{d,6,p) such that 

if u vanishes outside Qr. This leads to 

||Mx1xi||Lj, < N (||LoM||lj, + IIMxx'IIlJ 

for u G C^(M'^"'"^) vanishing outside Qr. This and flTTl) allow us to 
have 

IIMxxIU, < N\\LoU\\l, + N{a*)^\\Uxx\\L, + iV||LoM||i°||M..||f^. 



Take another sufficiently small R (we call it R again) which is not 
greater than the R above, so that it satisfies 

N{a*)^ < 1/2. (12) 
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Then we obtain 

\\\u..\W < N\\Lou\\l, + iV||Lon||i^||n..||f^, 
which imphes that 

IImxxIUp < N\\Lou\\Lp. 

Finally, observe that 

\\Ut\\Lp = \\LoU - a'^U^ix^llLp < \\Lou\\lp + N\\u^^\\Lp. 
This finishes the proof. □ 

Proof of Theorem We have an Lp-estimate for functions with 
small compact support. Then the rest of the proof can be done by 
following the argument in [15]. □ 

4. Proof of Theorem 12.31 
As in section [3], we set 

Lqu = Ut + a^-'{t, x)Uxixji 
where coefficients a^^ satisfy Assumption 12.11 and 12. 2[ 
Lemma 4.1. Let q > p > 2, and r G (0,1]. Assume that v G 



Wgf^^{R'^+^) satisfies L^v = m Qar- Th 



en 



where N depends only on d, q, 5, and the function uj. 

Proof. This lemma is proved in the same way as Corollary 6.4 in [T6] . 
As discussed in the proof of Lemma 4.1 in [9], the key step is to have 
the estimate 

for p G (2, oo) and u G Wpf^^{R'^+^), where r G (0, 1], K G (1, oo), and 
depends only on d, p, S, k, and the function u. This is obtained using 
Theorem 13.11 in this paper and the argument in the proof of Lemma 
6.3 of HE]. □ 



In the following we state without proofs some results which are nec- 
essary for the proof of Theorem 12.31 They can be proved following the 
arguments in [16]. Alternatively, one can follow the proofs of the cor- 
responding statements (Theorem 6.1, Corollary 6.2, Lemma 6.3, and 
Corollary 6.4) in section 6 (also see section 4) of the paper [9]. Note 
that Lemma 14.11 above is needed in the proof of the following theorem. 
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Theorem 4.2. Let p > 2. In case p = 2, we assume that the coeffi- 
cients a^^{t,x) of Lq are independent of x' G M''"-'^. Then there exists 
a constant N, depending on d, p, 5, and the function uo, such that, for 
any u e C^(R'^+^), K > 16/5, and r G (0, I/k], we have 



\uxx'{t,x) - {uxx')o \^dxdt 



Qr 



where u = 1/2 — 3/(4p) 

As in |9], we use the following notations, which are 1-dimensional 
versions of the notations introduced in section [3l li g is a. function 
defined on M, by (5')(a,b) we mean 

(^)(a,b) = / g{s)ds = {h-a)-^ [ g{s)ds. 

J(a,b) J a 

The maximal and sharp function of g are defined by 



Mg{t) = sup f \g{s)\ds, 

te(a,b) J (a,b) 

g*{t)= sup f - (5()(a,b)Ms, 

te(a,b) J(a,b) 

where the supremums are taken over all intervals (a, b) containing t. 

Corollary 4.3. Let p > 2. In case p = 2, we assume that the coeffi- 
cients a^^(t,x) of Lq are independent of x' G M''""^. Then there exists 
a constant N, depending on d, p, 6, and the function uj, such that, for 
any u G C^(M'^+i), k > 16/6, and r G (0, 1/k], we have 



/ 

J (0 



|v?(t) - (V?)(0.r2)|^ dt 

(0,r2) 

where u = 1/2 — 3/(4p), 

^{t) = \\Uxxit, OlkpCRd), 
C(^) = \\Uxx{t, ■)\\lp{R1), ^{t) = \\Lou{t, ■)IUp(IR'')- 

Lemma 4.4. Let p > 2. In case p = 2, we assume that the coefficients 
a''^{t,x) of Lq are independent of x' G M'^^^ . Let R G (0, 1] and u be a 
function m C^(]R'^+i) such that u{t, x) = for t ^ (0, R'^). Then 
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for all K> 16/6 and to e M, where u = l/2-3/(4p), N = N{d,p,6,u), 
and the functions ip, (, ip are defined as in Corollary \4.cl\ 

The following corollary is proved by repeating word for word the 
proof of Corollary 6.4 in [S], but we have to use, instead of Corollary 
4.5 in [9], the corresponding result in [16] (see Lemma 3.4 and its proof 
there) since a^^ is assumed to be measurable in t G M and VMO in 

X e M"'. 

Corollary 4.5. Let q > p > 2. Assume that, in case p = 2, the 
coefficients a*-' of Lq are independent of x' G M*^"^. Then there ex- 
ists R = R{d,p,q,6,uj) such that, for any u G C^iW^'^^) satisfying 
u{t,x) = fort^ iO,R^), 

where N = N{d, p, q, 6, u) . 

Proof of Theorem \2.3[ U p = q >2, the theorem follows from The- 
orem 2.2 in [T2] as well as Theorem 13.11 in this paper. To deal with 
the case with q > p > 2, we use the Lgp-estimate proved above for 
functions with compact support with respect to t G M and follow the 
proofs in section 3 of the paper [TB]. Theorem 12.31 is now proved. □ 
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